Abstract Let R = F2m + uF2m + · · · + u k F2m , where F2m is the finite field with 2 m elements, m is a positive integer, and u is an indeterminate with u k+1 = 0. In this paper, we propose the constructions of two new families of quantum codes obtained from dual-containing cyclic codes of odd length over R. A new Gray map over R is defined and a sufficient and necessary condition for the existence of dual-containing cyclic codes over R is given. A new family of 2 m -ary quantum codes is obtained via the Gray map and the Calderbank-Shor-Steane construction from dual-containing cyclic codes over R. In particular, a new family of binary quantum codes is obtained via the Gray map, the trace map and the Calderbank-Shor-Steane construction from dual-containing cyclic codes over R.
Introduction
Quantum codes play an important role not only in quantum communication but also in quantum computation. Since quantum codes provide a guarantee for quantum computation and quantum communication, the construction of quantum codes with good parameters has been an important topic in quantum information. After the work of Calderbank et al. [1] gave a thorough discussion of the principles of quantum codes, the most of the constructions of quantum codes were transformed to construct self-orthogonal (or dual-containing) classical codes. Many works have been done for constructing good binary quantum codes by using classical codes, such as Bose-Chaudhuri-Hocquenghem (BCH) codes, Reed-Solomon codes, Reed-Muller codes and algebraic geometric codes (see Refs. [2] [3] [4] [5] [6] . Some of these constructions were generalized to the case of nonbinary quantum codes, since nonbinary quantum codes can be applied in fault-tolerant quantum computation. Ashikhmin and Knill [7] constructed nonbinary quantum codes by using classical self-orthogonal codes. Ketkar et al. [8] constructed many families of nonbinary quantum codes, including quantum Hamming codes, quadratic residue codes, quantum Melas codes, quantum BCH codes, and quantum character codes. La Guardia [9, 10] constructed new families of nonbinary quantum codes derived from classical BCH codes.
Cyclic codes are a well-studied class of codes that have play an essential role in both theory and practice. Cyclic codes have also extensively been used to construct quantum codes. Thangaraj and McLaughlin [11] constructed quantum codes from cyclic codes over GF(4 m ). R.
Li and X. Li [12] constructed binary quantum codes from cyclic code of length 2 α n with n odd and n ≤ 99, and α ≤ 2. Qian et al. [13] constructed quantum codes from quasi-cyclic codes. Kai et al. [14−16] constructed many classes of quantum codes from negacyclic and constacyclic codes. Wang and Zhu [17] constructed non-binary quantum from repeated-root cyclic codes. Chen et al. [18] constructed quantum codes from constacyclic codes.
Recently, many good quantum codes have been constructed from cyclic codes over finite rings. Qian and Zhang [19] constructed quantum codes from cyclic codes over F 2 + uF 2 . Kai and Zhu [20] constructed quantum codes from cyclic codes over F 4 + uF 4 . Guenda and Gulliver [21] constructed quantum codes from linear codes over finite commutative Frobenius rings. Ashraf and Mohammad [22] constructed quantum codes from cyclic codes over F 3 + vF 3 .
The purpose of this paper is to construct two new families of quantum codes by taking advantage of dual-containing cyclic codes over the finite commutative ring
This paper is organized as follows. In Section 2, some definitions and notations about linear and cyclic codes over F 2 m +uF 2 m +· · ·+u k F 2 m are provided. In Section 3, a new Gray map on
In Section 4, a necessary and sufficient condition for the existence of dual-containing cyclic codes is obtained and a new family of 2 m -ary quantum codes is constructed. In Section 5, a new family of binary quantum codes is constructed. Section 6 concludes the paper.
Preliminaries
Let F 2 m be the finite field with 2 m elements and R be the commutative ring
The ring R is a finite chain ring whose ideals can be linearly ordered by inclusion; that is, 0 = u
The ring R is given by the obvious addition and multiplication with u k+1 = 0. The units of R are the elements a ∈ R such that a ≡ 0(mod u) and the residue field is R/uR ≃ F 2 m . A code of length n over R is a nonempty subset of R n , and a code is linear over R if it is an R-submodule of R n . Given two vectors x = (x 0 , x 1 , . . . , x n−1 ), and y = (y 0 , y 1 , . . . , y n−1 ) ∈ R n , their Euclidean inner product is defined as
The vectors x and y are called orthogonal with respect to the Euclidean inner product if x · y = 0. For a linear code C of length n, the Euclidean dual code of C is defined as
A linear code C of length n over R is called dual-containing if C ⊥ ⊆ C, and it is called self-dual if C = C ⊥ . Two codes are equivalent if one can be obtained from the other by permuting the coordinates. Any code over R is permutation equivalent to a code C with generator matrix of the form
where l i are all positive integers, A i,j are all matrices over R. Then C is an abelian group of type n − 1 , xc(x) corresponds to a cyclic shift of c(x). It is well known that a linear code C of length n over R is cyclic if and only if C is an ideal of the quotient ring R[x]/ x n − 1 . Throughout this paper, we assume that the length n is odd. It has been shown that the ring R[x]/ x n − 1 is a principal ideal ring.
Gray Map on R
Every element c ∈ R can be written uniquely as
where
The Gray weight w G of c ∈ R is defined to be the sum of the Hamming weight of Φ(c), i.e., w G (c) = w H (Φ(c)). This extends to a weight function in
The minimum Gray distance of C is the smallest nonzero Gray distance between all pairs of distinct codewords of C. The minimum Gray weight of C is the smallest nonzero Gray weight among all codewords of C. If C is linear, then the minimum Gray distance is the same as the minimum Gray weight. The Hamming weight w H of a codeword c ∈ C is the number of its nonzero components. The Hamming distance d H (c, c ′ ) between two codewords c and c ′ is the Hamming weight of the codeword c − c
For any linear code, the minimum Hamming distance d H (C) of C is its minimum Hamming weight. It is clear that Φ preserves linearity. The Gray map Φ can be extended to R n in an obvious way and the extended Φ is a bijection from R n to F
The following property of the Gray map is obvious from the above definitions. Proposition 3.1 The map Φ is a weight preserving map from (R n , Gray weight) to (F (k+1)n 2 m , Hamming weight) and a distance preserving map from (R n , Gray distance) to (F
, Hamming distance). Proposition 3.2 Let C be a linear code of length n and type {l 0 , l 1 , . . . , l k } over R, and let C ⊥ be the dual of the code C. Then
Since Φ is a bijection, it follows that Φ(C ⊥ ) ⊆ Φ(C) ⊥ . Now it is enough to show that the two sets have the same cardinality. Suppose C is a linear code of length n and type
Code Construction I
In this section, we construct a new family of 2 m -ary quantum codes by using dual-containing cyclic codes of odd length over R. A fundamental link between linear codes and quantum codes is given by the Calderbank-Shor-Steane (CSS) construction. We first recall some definitions and notations.
is also an irreducible and non self-reciprocal divisor of x n − 1. Such f (x) and f * (x) are called irreducible reciprocal polynomial pairs. Let f (x) be a monic factor of x n − 1, then we denote f (x) =
. Every cyclic code C has generator polynomial in the following form.
Theorem 4.1 [23] Let C be a cyclic code over R of length n. Then there exists a unique family of monic pairwise coprime polynomials f 0 (x),
Now we obtain a sufficient and necessary condition for the existence of dual-containing cyclic codes over R by using generator polynomials of cyclic codes over R.
Theorem 4.2 Let
Let r i (x) be the product of irreducible and non self-reciprocal divisors in f i (x) which do not occur in pairs, for i = 2, 3,
Proof By Theorem 4.1, we obtain
For i = 2, 3, . . . , k + 1, each r i (x) is not a self-reciprocal polynomial, then r i (x) and b * i (x)r * i (x) are relatively coprime. Therefore, r i (x)|f * 1 (x), for i = 2, 3, . . . , k+1. Since distinct r i (x) are relatively coprime, for i = 2, 3, . . . , k+1, it follows that (r 2 (x)r 3 (x) · · · r k+1 (x))|f * 1 (x). We know that f *
. Since f 0 (x) and each r i (x) are relatively coprime, we have (f 0 (x)r 2 (x)r 3 (x) · · · r k+1 (x))|f *
(x). On the other hand, if (f
Since f 1 (x) and f k+1 (x) are relatively coprime, there exist s(x) and t(x) in
Similarly, we can prove that u 2 f *
Hence C ⊥ ⊆ C. This completes the proof.
An important application of dual-containing codes is the constructions of quantum codes. We denote by [ 
be a cyclic code over R of length n, type {l 0 , l 1 , . . . , l k } and the minimum Gray distance d G ,
are a unique family of monic pairwise coprime polynomi-
If there exist r i (x) are the product of irreducible and non self-reciprocal divisors in f i (x) which do not occur in pairs, for i = 2, 3, . . . , k+1 
Let us use the following examples to illuminate the method of the above construction. Example 4.5 Consider a cyclic code with length 15 over
Note that
is a cyclic code over 
Code Construction II
In this section, we will give an another method to construct quantum codes by using dualcontaining cyclic codes of odd length over R. We recall some definitions on the finite field F 2 m firstly. Definition 5.1 [25] . Let B = {α 1 , α 2 , · · · , α m } be a basis for F 2 m over F 2 . We call that B is a Trace Orthogonal Basis (TOB), if we have
where Tr is the usual Trace function from F 2 m to F 2 .
In this work, we let B = {α 1 , α 2 , · · · , α m } be a self-dual basis for F 2 m over F 2 . Let C ′ be a cyclic code over , with a = (a 11 , a 21 , . . . , a N 1 , a 12 , a 22 , . . . , a N 2 , . . . , a 1m , a 2m , . . . , a N 
given by
where τ is the usual cyclic shifts defined in Section 2 on F 2 . A code C of length mN over F 2 , if σ ⊗(m) (C) = C, then the code C is said to be a quasi-cyclic code of index m over F 2 .
Now we need the following theorems for constructing a new family binary quantum codes from dual-containing cyclic codes of odd length over R.
Theorem 5.2 [13] Let C be a cyclic codes over
Theorem 5.3 Let C be a cyclic code over R of length n, type {l 0 , l 1 , . . . , l k }, the minimum Gray distance d G and C ⊥ ⊆ C. Then ϕ • Φ(C) is a quasi-cyclic code of index m with parameters
, where • means the composition of maps.
Proof Since C is a cyclic code over R of length n, type {l 0 , l 1 , . . . , l k }, and the minimum Gray Since B = {α 1 , α 2 , · · · , α m } is a self-dual basis for F 2 m over F 2 , we get that Tr(α 2 λ ) = 1 for µ = λ and Tr(α µ α λ ) = 0 for µ = λ. Therefore, i,λ a i,λ b t−i,λ = 0. This completes the proof. Now, based on dual-containing cyclic codes over R, the Gray map and the trace map, we construct a new family of binary quantum codes by using the CSS construction. From Theorems 4.2 and 5.3, we directly get the following results.
be a cyclic code over R of length n, type {l 0 , l 1 , . . . , l k } and the minimum Gray distance d G , where f 0 (x), f 1 (x), f 2 (x), . . . , f k+1 (x) are a unique family of monic pairwise coprime polynomials in R[x] and f 0 (x)f 1 (x)f 2 (x) · · · f k+1 (x) = x n − 1. Let r i (x) be the product of irreducible and non self-reciprocal divisors in f i (x) which do not occur in pairs, for i = 2, 3, . . . , k + 1 and
Hence, there exists a binary quantum code with parameters
In the following, we give an example for construction a 4-ary quantum code and a binary quantum code by taking advantage of a dual-containing cyclic code over F 2 2 + uF 2 2 .
Example 5.5 Let F 2 2 = {0, 1, ω, ω 2 } be a finite field with four elements, where ω 2 = ω + 1. Consider a cyclic code with length 21 over F 2 2 + uF 2 2 .
is a cyclic code over F 2 2 + uF 2 2 of length 21, type {20, 0, 1}, the minimum Gray distance 2 and C ⊆ C ⊥ . By Theorem 4.4, we can obtain a Q ′ = [[42, 40, 2]] 4 quantum code, which is a quantum MDS code. Thus, the obtained quaternary quantum code is optimal. On the other hand, we know that B = {1, ω} is a self-dual basis for F 2 2 over F 2 . By Theorem 5.4, we can obtain a
2 quantum code, which meets the bound in Ref. [24] . Thus, the obtained binary quantum code is good.
We list some quantum codes which can be constructed starting from dual-containing cyclic codes over F 2 2 + uF 2 2 in Table I . Compared the parameters of quantum codes available in Refs. 12, 24, 26-28, we find that most of our obtained quantum codes have good parameters. 12 , our obtained quantum code is good. The example shows that optimal and new quantum codes also can be constructed from cyclic codes over finite rings.
Conclusion
Constructing quantum codes with good parameters has been an important topic in quantum information. Many good quantum codes were constructed from Hamming codes, BCH codes, Reed-Solomon codes, Reed-Muller codes and algebraic geometry codes. In this paper, two new families of quantum codes have been constructed by taking advantage of dual-containing cyclic codes over the finite ring F 2 m + uF 2 m + · · · + u k F 2 m . The constructed quantum codes have good parameters. Furthermore, some of the constructed quantum codes are new. The results show that cyclic codes over finite rings are also a good resource of constructing quantum codes. Our constructions are almost theoretical, while it is very significant to discuss the implementation of these constructions in hardware. It would be very interesting to find a practical physical implementation for a quantum code from finite rings.
